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Abstract
We study an analogue of Hajós’ theorem for list coloring which states that each non-k-choosable graph can be obtained from
any non-k-choosable complete bipartite graph by a certain set of graph operations. We show that one of the operations of the
original set, namely Hajós sum, can be left out.
© 2004 Elsevier B.V. All rights reserved.
Keywords: Graph coloring; List coloring
1. Introduction
All the graphs considered in this note are ﬁnite, simple and undirected. We use standard graph theory notation which may be
found, e.g., in [1].A coloring of a graphG is a mapping cwhich assigns each vertex ofG a color so that any two adjacent vertices
receive different colors. The least number of colors for which there is a coloring of G is called the chromatic number of G. A
generalization of graph coloring called list coloring was introduced independently by Erdös et al. [2] and Vizing [7]. A graph is
called k-choosable if for each list assignment L(v), v ∈ V (G), with |L(v)| k, there is a coloring c such that c(v) ∈ L(v). The
smallest integer k such that G is k-choosable is called the choice number of G. A list assignment for which the graph cannot be
colored is also called bad.
A classical theorem in the theory of graph coloring is a theorem of Hajós. Hajós [4] proved that a graph has chromatic number
at least k, if and only if it is a supergraph of a k-constructible graph. The class of k-constructible graphs is deﬁned recursively
as follows:
(1) The complete graph Kk of order k is k-constructible.
(2) If G is k-constructible and x and y are non-adjacent vertices of G, then the graph obtained from G by identifying the vertices
x and y (and removing parallel edges if they arise) is also k-constructible.
(3) If G1 and G2 are (disjoint) k-constructible graphs, x1y1 is an edge of G1 and x2y2 is an edge of G2, then the graph G
obtained by identifying the vertices x1 and x2, removing the edges x1y1 and x2y2 and introducing a new edge y1y2 is also
k-constructible.
We remark that the operation described in (3) is also calledHajós sum of graphs. Urquhart [6] showed that any graph with the
chromatic number at least k is actually k-constructible. The theorem of Hajós was extended to several generalizations of graph
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coloring, among others, to list coloring [3], channel assignment [5] and circular coloring [8,9]. In this note, we focus on the
extension to list coloring.
Gravier [3] redeﬁned the original rules of Hajós and he got the following extension to list coloring. Fix any complete bipartite
graph G0 which is not k-choosable, e.g., G0 may be Kk,kk , and consider k-constructible graphs deﬁned by the following set of
rules:
(1′) G0 is k-constructible.
(2′) IfG is k-constructible, x and y are non-adjacent vertices ofG and there is a bad list assignment L forG such thatL(x)=L(y)
and L(v) k for each v ∈ V (G), then the graph obtained from G by identifying the vertices x and y (and removing parallel
edges if they arise) is also k-constructible.
(3) IfG1 andG2 are (disjoint) k-constructible, x1y1 is an edge ofG1 and x2y2 is an edge ofG2, then the graph G obtained by
identifying the vertices x1 and x2, removing the edges x1y1 and x2y2 and introducing a new edge y1y2 is also k-constructible.
(4′) If G is k-constructible, then each supergraph of G is also k-constructible.
Gravier proved that graphs which can be obtained by rules (1′), (2), (3) and (4′) are precisely graphs which are not k-choosable.
We show that the operation of Hajós sum, rule (3), can be left out from the set, i.e., that the class of non-k-choosable graphs
is the class of graphs which can be obtained by rules (1′), (2′) and (4′) only. However, our proof also suggests that rule (2′)
may be too strong (too non-restrictive) as we discuss at the end of this note. Let us remark that we are not aware of any Hajós
type theorem for constructing minimal (critical) non-k-choosable graphs. In particular, it is not clear that if we remove rule (4′),
the class of k-constructible graphs (using rules (1′), (2′) and (3)) contains all minimal non-k-choosable graphs as in the case of
original graph coloring.
2. The main result
Theorem 1. If G is a non-k-choosable graph, then it can be obtained from any non-k-choosable bipartite graphG0 recursively
by rules (2′) and (4′).
Proof. Fix a non-k-choosable bipartite graph G0 and a non-k-choosable graph G. Let L be a bad list assignment such that
L(v) k for each v ∈ V (G). Let A and B be the two parts of the vertices of G0. Consider the graph G′ which is the disjoint
union of G and G0. Clearly, G′ is a supergraph of G0 and hence it can be obtained from it by rule (4′). We extend L to a list
assignment L′ of G′. Fix L0 to be any list of colors of size k and deﬁne L′ as follows:
L′(v)=
{
L0 if v ∈ V (G0),
L(v) if v ∈ V (G).
Clearly, L′ is a bad list assignment forG′ because L′ restricted toG is just L. Since all the vertices of A are non-adjacent, we can
apply sequentially to all of them rule (2′) and identify them to a single vertex a. After each single identiﬁcation, an appropriate
restriction of L′ is considered. Similarly, the vertices of B can be identiﬁed to b. Let G′′ be the resulting graph. G′′ is a disjoint
union of the edge ab and the graph G. Fix now adjacent vertices  and  of G and consider the list assignment L′′ deﬁned as
L′′(a)= L(), L′′(b)= L() and L′′(v)= L(v) otherwise. Apply now rule (2′) to identify the vertices a and . Finally, apply
the rule again to identify the vertices b and . The ﬁnal graph is G and hence G can be obtained from G0 by rules (2′) and
(4′). 
3. Concluding remarks
As noted in the Introduction, the proof of Theorem 1 suggests that rule (2′) is too strong. It would be deﬁnitely interesting to
ﬁnd an extension whose operations are somewhat weaker. The question is how to measure whether a particular operation is too
strong or not.We propose the following approach inspired by so-called proof systems: consider an operation which derives from
graphs G1, . . . ,Gk a single graph G. The operation is called polynomial-time bounded, if there is a polynomial-time algorithm
which can check whether the graph G can be derived from the graphsG1, . . . ,Gk by the operation. All operations (1), (2), (3),
(1′) and (4) are polynomial-time bounded. However, operation (2′) is not polynomial-time bounded unless P = NP. We pose
the following problem: is there an extension of Hajós theorem to list coloring such that all its operations are polynomial-time
bounded?
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